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PERMUTATION ORBIFOLDS AND THEIR APPLICATIONS
P. BANTAY
Abstrat. The theory of permutation orbifolds is reviewed and applied to the study of symmetri produt orbifolds
and the ongruene subgroup problem. The issue of disrete torsion, the ombinatoris of symmetri produts, the
Galois ation and questions related to the lassiation of RCFTs are also disussed.
1. Introdution
The notion of permutation orbifold had been introdued in [1℄, followed by a ouple of papers investigating their
properties, mostly through onsiderations related to modular invariane [2℄. Muh later, essentially permutation
orbifold tehniques have been applied in [3℄ in the study of seond quantized strings. To our knowledge the rst
systemati study of permutation orbifolds appeared in [4℄, where the primary eld ontent, the genus one haraters,
the modular representation and the fusion rules have been worked out for permutation orbifolds with yli twist
groups. These results have been generalized to arbitrary permutation groups in [5℄[6℄, whih also gave the geometri
interpretation of the results through the theory of overing surfaes. The mathematis of the onstrution have been
laried in [7℄ in the framework of Vertex Operator Algebras. Permutation orbifolds have been also investigated in
relation to the Orbifold Virasoro Master Equation [8℄.
The aim of these notes is to give a skethy overview of the basis of permutation orbifolds, together with
appliations to symmetri produt orbifolds and the proof of the ongruene subgroup property of RCFTs. They
are not meant to be self ontained, the relevant details may be found in the ited papers. Besides presenting standard
results like the partition funtion and the modular representation of permutation orbifolds, we'll touh upon suh
topis as disrete torsion, the ombinatoris of symmetri produts, the Galois ation and the lassiation of
RCFTs.
2. Permutation orbifolds
Let's begin by realling the most important results of [5℄[6℄. We onsider a permutation group Ω of degree n,
and a rational CFT C. The n-fold tensor power of C, i.e. the tensor produt of n idential opies, admits the
permutations in Ω as symmetries, onsequently one may orbifoldize this tensor power by the twist group Ω. We
all the resulting theory the Ω permutation orbifold of C, and denote it by C ≀Ω. The entral harge of C ≀Ω is just
n times the entral harge of C. The wreath produt notation for permutation orbifolds reets the following basi
fat: if Ω1 and Ω2 are two permutation groups, then the Ω2 permutation orbifold of C ≀Ω1 is the same as the Ω1 ≀Ω2
orbifold of C, i.e.
(C ≀ Ω1) ≀ Ω2 = C ≀ (Ω1 ≀ Ω2)(1)
where Ω1 ≀ Ω2 denotes the wreath produt of the permutation groups Ω1 and Ω2 with the standard ( imprimitive )
ation [9℄. This fundamental result lies at the heart of most of what follows, e.g. it already enables one to enumerate
the primary elds of the permutation orbifold C ≀ Ω: these are in one-to-one orrespondene with the orbits of Ω
on the set of pairs 〈p, φ〉, where p is an n-tuple of primaries of C, i.e. a map p : {1, . . . , n} → I (we denote by I
the set of primaries of C), while φ is an irreduible harater of the double D(Ωp) (f. [10℄,[11℄) of the stabilizer
Ωp = {x ∈ Ω |xp = p}, the ation of Ω on the map p being the obvious one, and the ation of x ∈ Ω on the pair
〈p, φ〉 given simply by
x 〈p, φ〉 = 〈xp, φx〉(2)
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where φx(y, z) = φ(yx, zx). A simple ounting argument gives the number of primaries of C ≀ Ω :∣∣IΩ∣∣ = 1
|Ω|
∑
(x,y,z)∈Ω{3}
s|O(x,y,z)|(3)
where s = |I| denotes the number of primaries of C, Ω{k} is the set of ommuting k-tuples from Ω, and O(x, y, z)
denotes the set of orbits on {1, . . . , n} of the group generated by the triple (x, y, z). For example, if Ω = S3 is the
symmetri group on three letters (with its natural permutation ation), then∣∣IΩ∣∣ = s3 + 21s2 + 26s
6
One the primaries have been lassied, the next task is to determine their genus one haraters. In order to do
this, the key ingredient is to understand the geometri aspet of orbifoldization, namely its relation to the theory
of overing surfaes. Roughly speaking, the value in the orbifold theory of a quantity assoiated to a given surfae
is obtained as a (weighted) sum over all n-sheeted overings of the surfae whose monodromy belongs to Ω, the
summands orresponding to the ontributions of the twisted setors. To illustrate this priniple, let's onsider the
genus one partition funtion Z(τ). In this ase the surfae under onsideration is a torus, and the allowed overings
are haraterized by homomorphisms from the fundamental group Z ⊕ Z of the torus into Ω, i.e. by ommuting
pairs (x, y) ∈ Ω{2} orresponding to the images of the generators of the fundamental group. The resulting overing
surfae is in general not onneted, its onneted omponents - whih are all tori by the Riemann-Hurwitz formula -
being in one-to-one orrespondene with the orbits of the image of the homomorphism, i.e. the subgroup generated
by x and y. Eah ξ ∈ O(x, y) may be haraterized by a triple of integers (λξ, µξ,κξ) , where λξ is the ommon
length of all x orbits ontained in ξ, µξ is the number of these x orbits (so that |ξ| = λξµξ gives the length of the
orbit ξ), while κξ is the unique non-negative integer less than λξ suh that y
µξx−κξ belongs to the stabilizer of ξ. If
the modular parameter of the torus under onsideration is τ , then the modular parameter τξ of the overing torus
orresponding to the orbit ξ may be expressed as
τξ =
µξτ + κξ
λξ
(4)
Aording to the general reipe, the genus one partition funtion ZΩ of the orbifold evaluated at τ equals
ZΩ (τ) =
1
|Ω|
∑
(x,y)∈Ω{2}
∏
ξ∈O(x,y)
Z (τξ)(5)
In other words, the partition funtion of the orbifold is a sum over all overings, and the ontribution of eah
overing equals the produt of the partition funtions of its onneted omponents. By similar onsiderations, the
genus one harater of the primary 〈p, φ〉 of C ≀ Ω reads
χ〈p,φ〉(τ) =
1
|Ωp|
∑
(x,y)∈Ω
{2}
p
φ(x, y)
∏
ξ∈O(x,y)
ω
−κξ/λξ
p(ξ) χp(ξ)(τξ)(6)
In this last formula, p(ξ) denotes the value of the map p on the orbit ξ, while for a primary q ∈ I of C
ωq = exp
(
2pii(∆q −
c
24
)
)
(7)
denotes its exponentiated onformal weight, i.e. the orresponding eigenvalue Tqq of the Dehn-twist T : τ 7→ τ + 1.
One may also express the higher genus partition funtions of C ≀Ω in terms of those of C [12℄. The result is that
the partition funtion ZΩ of the orbifold evaluated at the surfae H/G reads
ZΩ (H/G) =
1
|Ω|
∑
ϕ:G→Ω
ε(ϕ)
∏
ξ∈O(ϕ)
Z (H/Gξ)(8)
where H denotes the upper half-plane, G is the Fuhsian group uniformizing the surfae, the sum runs over all
homomorphisms ϕ : G→ Ω, and we denote by O(ϕ) the set of orbits of ϕ(G) on {1, . . . , n}, while Gξ is the inverse
image under ϕ of the stabilizer of the orbit ξ. We note that Eq.(8) is valid more generally, with H denoting an
arbitrary surfae and G a disrete subgroup of Aut (H), so that in partiular it overs the genus one ase too (f.
Eq.(5)).
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We have also inluded in Eq.(8) omplex phases ε(ϕ), whih run under the name of disrete torsion (f. [13℄) in
the orbifold literature. These are determined by a 2-oyle ϑ ∈ Z2(Ω) via the following reipe [14℄: one may use
the homomorphism ϕ to pull bak the 2-oyle ϑ to a losed 2-form of H/G, and the integral of this 2-form over
the surfae determines the value of ε(ϕ). There exists expliit expressions for ε(ϕ) in terms of ϑ [15℄[16℄, e.g. in the
genus one ase (when the homomorphism is determined by a ouple (x, y) ∈ Ω{2}) one has
εT (x, y) =
ϑ (x, y)
ϑ (y, x)
(9)
The expliit knowledge of the genus one haraters allows us to determine the matrix elements of the modular
transformations. The exponentiated onformal weights of the primaries of C ≀ Ω read
ω〈p,φ〉 =
1
dφ
∑
x∈Ωp
φ(x, x)
∏
ξ∈O(x)
ω
1
|ξ|
p(ξ)(10)
with dφ =
∑
x φ(x, 1), while for the transformation S : τ 7→
−1
τ we have
S
〈q,ψ〉
〈p,φ〉 =
1
|Ωp||Ωq|
∑
z∈Ω
∑
x,y∈Ωp∩Ωzq
φ(x, y)ψ
z
(y, x)
∏
ξ∈O(x,y)
Λ
zq(ξ)
p(ξ)
(
κξ
λξ
)
(11)
The matries Λ(r) whih appear in this last formula play a fundamental role in the theory. They are dened
as follows: if r = kn is a rational number in redued form, i.e. with k and n oprime and n > 0, then there exists
integers x and y suh that kx−ny = 1, i.e. suh that the matrix m =
(
k y
n x
)
belongs to SL(2,Z). If we denote
by Mpq the matrix element of the modular transformation τ 7→
kτ+y
nτ+x between the primaries p and q, then we dene
Λpq(r) = exp
(
2piir
(
∆p −
c
24
))
Mpq exp
(
2piir∗
(
∆q −
c
24
))
(12)
or symbolially Λ(r) = T rMT r
∗
, where r∗ = xn . While these matries are well dened, i.e. they do not depend on
the atual hoie of the integers x and y, their value depends on the hoie of a branh of the omplex logarithm,
whih is involved in the omputation of rational powers of T , and whih should be kept xed one for all. One may
show that the atual hoie of this branh is irrelevant, a dierent hoie would simply amount to a relabeling of
the primaries of the orbifold.
The matries Λ(r) enjoy interesting properties, for example Λ(r + 1) = Λ(r), Λ(0) = S and Λpq(r
∗) = Λqp(r),
the last equality generalizing the symmetry of the matrix S. For an integer n > 0 we have the expliit expression
Λ
(
1
n
)
= T−
1
nS−1T−nST−
1
n
One we know the matrix elements of the transformation S, we an insert them into Verlinde's formula to
ompute the fusion rules of the theory. The resulting umbersome expressions may be found in [6℄, we just note
the apparition of quantities alled twisted dimensions, whih are dened as
Dg
(
p1 . . . pN
r1 . . . rN
)
=
∑
q∈I
S2−2g0q
N∏
i=1
Λqpi(ri)
S0q
(13)
where p1, . . . , pN ∈ I are primaries of C, and r1, . . . , rN ∈ Q are rational numbers. Besides being the basi building
bloks of the fusion rules of permutation orbifolds, twisted dimensions also appear as the partition funtions of
Seifert-manifolds in the 3D topologial eld theory assoiated to C, leading to Verlinde-like formulae for the traes
of mapping lasses of nite order, as explained in [17℄.
3. Symmetri produt orbifolds
The importane of symmetri produt orbifolds had been reognized long ago, e.g. for seond quantized strings
[3℄,[18℄ and matrix string theory [19℄. From a geometri point of view, they amount to passing from a sigma model
desribing string propagation on some target manifold X to the sigma model for the Hilbert-sheme of X . In other
words, if the propagation of a single string on X is desribed by the CFT C, the propagation of n idential strings
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should be desribed by the permutation orbifold C ≀Sn, where Sn denotes the symmetri group on n letters, i.e. we
have to gauge the permutation symmetries. As we don't want to x the number of idential strings, what we are
really interested in is not the value An of some quantity A in the permutation orbifold C ≀ Sn for a given n, but
rather the generating funtion
∞∑
n=0
Anp
n
where p is a formal variable. For example, a beautiful result of [3℄ states that
∑
n
pnZn (τ) = exp
(
∞∑
n=1
pnTnZ (τ)
)
(14)
where Z (τ) is the genus one partition funtion of C, and the Tn-s are the Heke-operators (f. [20℄) whih at on
Z(τ) via
TnZ (τ) =
1
n
∑
d|n
∑
0≤k<d
Z
(
nτ
d2
+
k
d
)
(15)
There is a general ombinatorial identity that lies at the heart of all related omputations. It reads [15℄
∞∑
n=0
1
n!
∑
φ:G→Sn
∏
ξ∈O(φ)
Z(Gξ) = exp
(∑
H<G
Z(H)
[G : H ]
)
(16)
where G is any nitely generated group, while Z is a funtion on the set of nite index subgroups of G that takes
its values in a ommutative ring and is onstant on onjugay lasses of subgroups. The seond summation on the
lhs. runs over the homomorphisms φ : G→ Sn from G into the symmetri group Sn. For a given φ, we denote by
O(φ) the orbits of the image φ(G) on the set {1, . . . , n}, and Gξ = {x ∈ G |φ(x)ξ
∗ = ξ∗} is the stabilizer subgroup
of any point ξ∗ ∈ ξ of the orbit ξ - note that the lhs. of Eq.(16) is well dened, sine the stabilizers of points on
the same orbit are onjugate subgroups. Finally, [G : H ] denotes the index of the subgroup H < G, and the n = 0
term on the lhs. of Eq.(16) equals 1 by onvention.As for the proof of Eq.(16), one may rst redue it to the ase
when G is free by using the one-to-one orrespondene between subgroups of a homomorphi image and subgroups
that ontain the kernel of the homomorphism. Then one may proeed by indution on the rank of G, notiing that
in the ase when G has rank one, i.e. G = Z, Eq.(16) redues to a well known formula for the generating funtion
of the yle indies of symmetri groups.
To understand the relevane of Eq.(16) to our problem, reall from the previous setion the expression Eq.(8) for
the partition funtion of the orbifold. As subgroups of nite index of a Fuhsian group are themselves Fuhsian, it
follows that for a given Fuhsian group G the quantity
Z (H) = p[G:H]Z (H/H)
makes sense, and has all the desired properties for Eq.(16) to hold (p is a formal variable and Z is the partition
funtion of C). Inserting the above expression into Eq.(16) and using Eq.(8), we get
∑
n
pnZn (H/G) = exp
(∑
H<G
p[G:H]
[G : H ]
Z (H/H)
)
where on the lhs. we reognize the generating funtion we were looking for. The above argument may be extended
to the genus one ase as well, reovering the result Eq.(14) after evaluation of the right hand side.
This is not the end of the story, for it was pointed out by Dijkgraaf in [18℄ that, beause H2(Sn) = Z2 for n ≥ 4,
it is possible to introdue non-trivial disrete torsion [13℄ in the above models. Reall from the previous setion
that the introdution of disrete torsion amounts to modifying Eq.(8) by suitable phases
Zεn(H/G) =
1
n!
∑
φ:G→Sn
ε(φ)
∏
ξ∈O(φ)
Z(H/Gξ)(17)
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In the ase at hand, i.e. disrete torsion orresponding to the non-trivial oyle ϑ ∈ H2(Sn) for n > 3, there is
a simple losed formula for the disrete torsion oeients on the torus, i.e. the genus one ase Eq.(9). To write it
down let's introdue the quantities
|x| =
∑
ξ∈O(x)
(|ξ| − 1)(18)
and
|x, y| =
∑
ξ∈O(x,y)
(|ξ| − 1)(19)
for arbitrary permutations x and y, where as usual, we denote by O(x, y) the set of orbits of the group generated
by x and y, and |ξ| denotes the length of the orbit ξ. Note that |x| determines the parity of the permutation x, i.e.
x is even or odd aording to whether |x| is even or odd. The disrete torsion oeients for the torus read [15℄
εT (x, y) = (−1)
(|x|−1)(|y|−1)+|x,y|−1
(20)
for a pair of ommuting permutations xy = yx. There is an alternate form of the disrete torsion oeients that
is more suitable for omputations, namely
εT (x, y) =
(−1)|x,y|
4
∑
α,β∈{±1}
(1− α− β − αβ)α|x|β|y|(21)
for xy = yx.
Armed with the above, we an now ompute the generating funtions in the presene of disrete torsion. In
ontrast to the ase without disrete torsion, we no longer get an exponential, but rather a ombination of four
exponential expressions. The nal result reads
∞∑
n=0
pnZεn(τ) =
1
4
∑
α,β∈{±1}
(1− α− β − αβ) exp
{∑
n=1
pnTαβn Z(τ)
}
(22)
where for α, β ∈ {±1} the operators Tαβn ating on the partition funtion Z (τ) are dened as
Tαβn Z(τ) =
−(−αβ)n
n
∑
d|n
∑
0≤k<d
α
n
d βdk+d+kZ
(
nτ + kd
d2
)
(23)
The lose analogy with Eq.(14) makes it tempting to interpret the operators Tαβn as some kind of generalizations
of the usual Heke-operators. Note that for n odd Tαβn equals the usual Heke-operator Tn, independently of the
values of α and β.
4. The ongruene subgroup property
A well known property of Rational Conformal Field Theories is that their genus one haraters χp span a
nite dimensional unitary representation of the modular group Γ(1) ∼= SL(2,Z). In other words, to any matrix
m =
(
a b
c d
)
∈ Γ(1) there orresponds a unitary representation matrix M suh that
χp
(
aτ + b
cτ + d
)
=
∑
q
M qpχq (τ)(24)
Of speial interest are the matries T and S representing t =
(
1 1
0 1
)
and s =
(
0 −1
1 0
)
. As s and t
generate the modular group Γ(1), any representation matrix M may be written in terms of S and T . It follows
from the dening relations of Γ(1) that STS = T−1ST−1 and S4 = 1. Moreover, it is known that S2 equals the
harge onjugation operator, i.e. (
S2
)q
p
= δp,q(25)
where q denotes the harge onjugate of the primary q.
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The modular representation enjoys some remarkable properties, the most important ones being summarized in
the elebrated theorem of Verlinde [22℄:
1. T is diagonal of nite order.
2. S is symmetri.
3. The quantities
Npqr =
∑
s∈I
SpsSqsSrs
S0s
are non-negative integers, being the dimension of suitable spaes of holomorphi bloks. Here and in the sequel,
the label 0 refers to the vauum of the theory.
Further properties of the modular representation have been onjetured over the years, e.g. that its kernel
K =
{
m ∈ Γ(1) |M qp = δp,q
}
is of nite index in Γ(1), ulminating in the following onjeture [23℄[26℄[27℄.
Congruene subgroup property: The kernel K is a ongruene subgroup, i.e. it ontains the prinipal ongruene
subgroup
Γ (N) =
{(
a b
c d
)
∈ Γ (1) | a, d ≡ 1 (modN) , b, c ≡ 0 (modN)
}
for some N . Moreover, the matrix entries M qp of modular transformation matries belong to the ylotomi eld
Q [ζN ], and N equals the order of the Dehn-twist T .
The truth of this onjeture would have important impliations in the study of RCFTs, e.g. it would make
available the apparatus of the theory of modular funtions. The rst result about the onjeture was obtained in
[23℄, where it was shown that the onjeture holds if the order of the Dehn-twist is odd. Unfortunately, this is rather
atypial, e.g. for most of the Virasoro minimal models the order of T is even. A proof valid for arbitrary RCFTs
had been presented in [28℄, whih relies on the theory of the Galois ation and the Orbifold Covariane Priniple.
Let's sketh these two main ingredients of the proof.
The basi idea in the theory of the Galois ation [24℄[25℄ is to look at the eld F obtained by adjoining to the
rationals Q the matrix elements of all modular transformations. One may show that, as a onsequene of Verlinde's
theorem, F is a nite Abelian extension of Q. By the elebrated theorem of Kroneker and Weber this means that
F is a subeld of a ylotomi eld Q [ζn] for some integer n, where ζn = exp
(
2pii
n
)
is a primitive n-th root of
unity. We'll all the ondutor of C the smallest n whih is divisible by the order of the Dehn-twist and for whih
F ⊆ Q [ζn]. It follows from the above that the elements of the Galois group Gal (F/Q) are (the restrition to F of)
the Frobenius maps σl : Q [ζn]→ Q [ζn] that leave Q xed, and send ζn to ζ
l
n for l oprime to n.
Aording to [25℄, we have
σl
(
Sqp
)
= εl(q)S
pilq
p(26)
for some permutation pil of the primaries and some signs εl(p). In other words, upon introduing the orthogonal
monomial matries
(Gl)
q
p = εl(q)δp,pilq(27)
and denoting by σl (M) the matrix that one obtains by applying σl to M element-wise, we have
σl (S) = SGl = G
−1
l S(28)
Note that for l and m both oprime to the ondutor
pilm = pilpim
Glm = GlGm
The Galois ation on T is even simpler, for T is diagonal, and its eigenvalues are roots of unity, onsequently
σl (T ) = T
l
(29)
We note that the above results follow diretly from Verlinde's theorem by simple number theoreti arguments,
and they do not require the full strength of Verlinde, for they are true even if we just require that the numbers
Npqr belong to Q, there is no need for their integrality nor positivity.
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The seond ingredient of the proof, the Orbifold Covariane Priniple states that, beause a permutation orbifold
of an RCFT is itself an RCFT, any property shared by all RCFTs should hold in all permutation orbifolds as well
[29℄. While this might seem tautologial, it does lead to interesting results. For example, we have seen that we
may express the fusion rules of a permutation orbifold in terms of quantities of the original theory. Aording to
Verlinde's theorem the fusion rule oeients should be non-negative integers, but the truth of this statement in
the orbifold does not follow automatially from the onstrution, rather it gives interesting arithmeti restritions
on the modular representation.
In the ase at hand, the Orbifold Covariane Priniple states that the Galois ation on the S-matrix elements
of the orbifold may be desribed via suitable permutations pil of the primaries and signs εl. As we an express
the S-matrix elements in terms of modular matries of the original theory, this way we get information about the
Galois ation on arbitrary modular matries. A areful study leads to the following results [28℄:
1. For all l oprime to the ondutor
G−1l TGl = T
l2
(30)
and more generally
G−1l MGl = σ
2
l (M)(31)
for any modular matrix M .
2. If m =
(
a b
c d
)
∈ Γ(1) with d oprime to the ondutor, then
σd (M) = T
bS−1T−cσd (S)(32)
Eq.(30) had been onjetured in [23℄, and was used to derive the following results, whih in turn were previously
onjetured in [26℄:
• For l oprime to the ondutor,
σl (S) = T
lST lˆST l(33)
where lˆ denotes the inverse of l modulo the ondutor.
• The ondutor equals the order N of T , and F = Q [ζN ].
Eq.(30) has a further impliation, whih is important for the lassiation of allowed modular representations: there
exists a funtion N(r) suh that the ondutor N of an RCFT with r primary elds divides N(r). Aording to
this result, for a given number of primary elds one has only a nite number of onsistent hoies for the ondutor
N and the matrix T . Values of the upper bound N(r) for small values of r are given in the following table:
r N(r)
2 240
3 5040
4 10080
5 1441440
As to the seond result, Eq.(32) implies that
K ∩ Γ1 (N) = Γ (N)
where
Γ1 (N) =
{(
a b
c d
)
∈ Γ (1) | a, d ≡ 1 (modN) , c ≡ 0 (modN)
}
in partiular K is a ongruene subgroup of level N . Moreover, Eq.(32) leads to a simple arithmeti haraterization
of the kernel whih is suitable for expliit omputations.
Let's summarize what we have found: the ongruene subgroup property holds in any Rational Conformal Field
Theory, the kernel of the modular representation may be desribed by arithmeti onditions, and the ondutor is
bounded by a funtion of the number of primary elds. All these results follow ultimately from Verlinde's theorem
and the Orbifold Covariane Priniple.
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Of ourse, a host of questions remains open. Just to ite a few, it would be interesting to understand the relation
between the algebrai geometry of the modular urve X (K) assoiated to the kernel and standard properties of
the RCFT. Another interesting point would be to larify the impliations of the above results on the struture of
the assoiated 3D Topologial Field Theory, espeially in onnetion with the trae identities of [17℄. Finally, these
results pave the way for a systemati enumeration of RCFTs, or at least of the allowed modular representations.
5. Summary
As we have seen, besides being interesting for their own sake, permutation orbifolds have important appliation
both in Conformal Field Theory and String Theory. They provide a onsistent framework for onstruting new
CFTs from old ones, in whih any interesting quantity may be expressed in terms of the orresponding quantities of
the original theory, thanks to the underlying geometri piture. This fat supplemented by the Orbifold Covariane
Priniple leads to a powerful tool for investigating deeper properties of CFTs.
Of ourse, there are many open questions related to permutation orbifolds. For example, one may ask for an
algorithm whih would reognize whether an RCFT is a permutation orbifold, and output the twist group and
the original theory. This ould have important omputational appliations. One may also speulate about the
possibility of twisting the onstrution by a 3-oyle, in analogy with the ase of holomorphi orbifolds [30℄[14℄.
The lassiation of the onformally invariant boundary onditions (f. [31℄,[32℄) of these models would be a
rewarding task too.
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